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ABSTRACT 

The  field  of  a  quarter-wave  dlpole  anterma  aljove  a  circular 
conducting  disk  of  zero   thickness  and  radius  a  -  a  finite  groundplane  - 
is  calculated  theoretically  'by  use  of  the  wave  functions  of   the  otlate 
spheroid.     The  current   on  the  groundplane,   the  radiation  resistsmce  and 
the  radiation  pattern  of  the  system  for  groundplanes  of  various   radii 
are  computed.     With  these  results  the  distortion  of  antenna  radiation 
"by  groundplsmes  is    studied.     Good  agreement  with  recent   experimentaJ. 
data  is   found. 
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1.  Introdaction 

Conducting  objects  in  the  neighborhood  of  an  eintenna  will  affect 
the  directional  dietrlbution  of  its  radiation  because  the  currents  which  the 
antenna  induces  upon  them  will  produce  their  own  radiation  fields.  These 
latter  fields,  ftirthemore,  will  induce  secondary  currents  on  the  antenna 
proper,  with  the  result  that  the  total  amount  ^of  power  radiated  by  the 
antenna  will  be  affected,  due  to  the  presence  of  such  obstacles. 

We  shall  assume  that  all  the  power  dissipated  in  the  antenna  goes 
into  its  radiation.  Let  I  be  the  current  in  the  circuit  which  supplies  power 
to  the  antenna,  then 

where  ^is  the  resistance  of  the  antenna  as  a  circuit  element,  as  well  as  the 
measure  of  the  power  radiated:  The  radiation  resistance. 

Consequently  both  the  radiation  i:iattern  and  the  circuit  properties 
of  an  antenna  can  be  effected  by  the  presence  of  conductors  in  the  radiation 
field. 

Such  conductors  may  be  the  earth  Itself,  or  metallic  struetares  near 
the  antenna.  In  a  laboratoxy  vAiere  the  properties  of  antennas  are  tested,  it 
is  especiedly  hard  to  isolate  antennas  from  such  objects,  bat  also  imperative 
to  do  80,  Jor  only  if  the  properties  of  the  completely  isolated  antenna  are 
known  is  it  possible,,  in  an  application  where  the  anteima  is  not  Isolated,  to 
determine  the  effect  of  the  interfering  secondary  radiations. 

Most  commonly  one  uses  groundplanes  to  isolate  antennas.   It  is 

usually  possible  to  mount  an  antenna  such  that  all  other  conductors  are  to  one 

side  of  it,  say  below.  Then  a  grounded  plane  conducting  surface  is  placed  Just 

* 
below  the  antenna  ,  which  is  fed  through  a  small  hole  In  the  center  of  the 

ground  plane.  All  possible  effects  of  this  e^erture  in  the  ground  plane  will 

be  neglected  in  this  paper. 

Consider  first  a  perfectly  conducting  but  infinite  ground  plane. 

An  antenna,  carrying  a  known  current  distribution  on  its  surface,  protrudes 

through  it  into  empty  space.   It  is  not  difficult  to  show  that  the  radiation 

*  often  an  array  of  grounded  wires  strung  radially  away  from  the  antennefs  axis 
takes  the  place  of  the  above  arrangement. 


z 
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Figure  1 
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quarter-wave  dlpole  a"bove  groundplane  of  radius  a.  Dipole  current  1(2) 
plotted  horisontally  against  corresponding  value  of  z  in  solid  line. 
Broken  lines  indicate  mirror  image  of  dipole  and  current  about  z  =  0 
which  exactly  describes  case  of  infinite  groundplane.  ' 

from  this  system  will  be  as  if  the  infinite  groundplane  were  absent,  and  as 
if  the  radiation  came  from  an  antenna  consisting  of  the  following  parts:  (i) 
the  original  one,  carrying  the  original  current  distribution,  and  (ii)  its 
mirror  image,  carrying  a  mirror  image  of  the  original  current  distribution. 
For  example,  say  that  the  original  antenna  is  a  quarter  wave  dipole  on  the 
z  axis  between  the  points  z  =  0  and  z  **  r-  .  aad  that  the  groundplane  lies 

in  the  xy  plane.  The  current  distribution  on  a  dipole  is  sinusoidal,  and  in 
this  example  we  take 


(2) 


l(z)  «  I  cos  kz 
0 


(.=  f). 


The  field  of  this   system  above  the  xy  plane  will  be  exactly  the   same  as  the 
field  of  a  halfwHve-dipole.     This  halfwave  dipole  extends  from  z  =  -     r-  to 
■     =  y-    and  carries  the  current   (2)  between  these  points. 

•  The  time  dependence  is  harmonic,   e~         ;      it  is   implied  but  omitted  in  cdl 
expressions   for  electromagnetic  quantities  used  in  this  work. 


In  a  aense  therefore,  an  infinite  groundplaae  has  no  effect  on 
antenna  radiation.   It  is  understood  that  the  antenna  to  be  used  is  really 
only  half  of  the  antenna  to  te   studied*  The  division  is  made  about  a  plans 
of  syanetry. 

In  practice  a  groundplane  mist  be   finite.  If  it  is  large  when 
compared  to  X,   it  can  be  said  to  be  effectiTeiy  infinite.  It  is  often  in> 
practicable  to  oonstruet  effectively  infinite  grounc^lanss.  and  groundplanss 
hare  in  fact  been  used  without  regard  to  relative  size.  But  then  the  antenna 
is  not  eoBpletely  shielded  from  the  conductors  below,  the  groundplane  itself 
will  not  act  as  a  mirror  since  it  is  not  infinite,  i.e.,  it  will  itself  play 
the  role  of  a  conducting  obstacle.  These  effects  have  been  neglected  in 
practice. 

In  the  present  psgper  the  effect  of  a  finite  groundplane  is  discussed 
by  theoretical  aethods.  An  ezperiaental  investigation  of  the  influence  of 
grouni^lanes  on  antenna  iapedance  was  very  recently  published  by  Meier  &   Sunuaers 
independently  of  this  work.  These  experiments  were  performed  with  square  and 
circular  groundplanes.   The  effects  of  these  two  different  types  on  iorpedance 
were  foujxd  to  be  qualitatively  the  saffle. 

We  consider  circular  groundplanes  for  mathematical  conrenience.  In 

the  oblate  spheroidal  coordinate  system  t) »  t    •  (f)  t  discussed  in  a  previous 

2  ^ 

report  ,  a  circular  disk  of  lero  thickness  is  simply  the  surface  C  **  '^^  **^^~ 

well's  equations  are  separable  in  these  coordinates,  and  it  is  possible  to 
satisfy  the  boundary  condition  on  the  circular  groundplane  exactly  bT  repre- 
senting the  field  in  the  wave  functions  of  the  oblate  spheroid. 

An  exact  solution  provides  expressions  for  the  vector  field  at  any 
point  of  space.  Thus  our  results  are  not  limited  to  the  radiation  resistance 
of  the  system,  which  is  then  to  be  compared  to  the  values  for  an  infinite  ground- 
plane  emd  to  experiments.  We  also  calculate  the  field  on  the  groundplane  -  the 
surface  current  distribution  -  and  the  radiation  pattern  at  large  distances, 
quantities  i^ich  have  not  been  measured  because  to  measure  them  is  very  diffi- 
cult if  not  impossible.   It  is  of  especial  interest  to  observe  the  effect  of  a 
finite  groundplane  on  the  radiation  pattern  and  to  compare  these  results  with 
the  infinite  groundplane  case,  which  produces  half  the  pattern  (at  all  points 
z  ^  0)  of  the  isolated  antenjia. 
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In  a  theoretical  paper  by  Bardeen-^  a  probl«Q  similar  to  the  present 
one  1b  discussed,   naaely,   the  diffraction  of  circularly  syamotrlc  fields  by  a 
circular  disk  so  placed  that  its  axis  coincides  with  the  axis  of  sjnnmetry. 
Haxvell's  ecjuations  are  transformed  into  integral  equaticais  and  their  solution 
is  giren  in  the  form  of  Integrals  and  does  not  involre  the  eigen  funations  of 
the  disk.     The  intention  vas  to  evaluate  these  integrals  for  the  case  of  a  cir- 
cular groundplane  and  any  linear  current  distribution  on  its  axis,   but  these 
results  were  not  published. 

2.  The  Antenna  in  Free  Space 

The  antenna  in  our  problea  is  the  quarter-ware  dipole  introduced  In 
the  previous  section,  in  an  array  with  the  groundplane  as  illustrated  by 
figure  1.  The  field  of  this  system  is  then  compared  to  the  field  of  the  half- 
wave  dipole* 

A  dipole  is  simply  a  sinusoidal  current  distribution  along  a  straight 
line  segment.   It  is,  however,  a  good  s^pproximation  to  a  reeJ.  antenna,  namely, 
the  thin  cylindrical  wire  with  good  condaetivity.   There  exists  no  exact  and 
coznplete  theoretical  solution  to  the  problem  of  the  electrical  oscillations 
emd  radiation  of  even  this  simplest  type  of  antenna,  and  the  exact  solution  of 
this  problem  does  not  concern  us  here  .  Suffice  it  to  say  that  the  halfwave 
dipole  of  length  -^    with  current  nodes  at  its  ends  has  been  shown  to  repre- 
sent closely  the  lowest  mode  of  oscillation  of  the  perfectly  conducting  wire  of 
zero  thickness,  as  regards  both  the  surface  current  distribution  and  the  radia- 
tion field. 

We  shall,  however,  not  impose  any  boundary  conditions  on  the  total 
field  of  the  system  at  the  points  occupied  by  the  dipole.  Eather,  the  dipole 
is  considered  simply  as  a  line  source  of  radiation,  and  the  perfectly  conduct- 
ing groundplane  as  a  scatterer. 

The  field  of  the  isolated  dipole  is  discussed  in  the  literature  .  Ve 
confine  ourselves  here  to  a  discussion  of  results. 

If  the  vector  separation  is  performed  in  the  circular  cylinder  system 
of  coordinates  n  ,  (^  ,  z  the  dipole  field  vectors  resolve  into  components  S  ,S-, 
end  Ha,  which  possess  circular  symmetry  (independence  of  d>  ). 

♦Since  this  is  a  study  of  groundplane  effects,  the  shape  of  the  antenna  is  of 
secondary  importance  and  therefore  this  simplest  type  is  chosen. 


2a.  The  Halfware  Dipole 
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Practical  unlta  are  used  andll.    and  €    are  the  permeability    and 
penaittlTity  of  eopty  space.     The  distance     froa  the  obeerratlon  point  to 


«!  »  |f  *  («  *  ^)        .    to  «2  «     ^  i«  Hg  -Ip 


h  ■  -  f    i"  ^   "   If/^  *  <«  *  ^^        .    to  «,  -     ^  i.  R,  -1/^2  ^  (^  _  Xj* 


]!xpreB8ion8(3)  represent  the  field  of  a  quarter-wave  dipole  ahore  an  infinite 
groandplane . i&en  <  2  0,  as  noted  before.  Tor  this  reason  we  have  placed  a 
superscript  oo  on  these  quantities. 

The  surface  current  density^  on  the  grotmdplane , 

ih)  J."  «  n>cH«(x  =  0). 

where  n  is  the  unit  normal  to  the  greundgplane;     E^  is  entirely  radial  and 

K«   -  -H^(«.0), 
(5) 


h       ieiJ^^pMV^ 


S" 


P 

that  is,  it  has  a  singularity  at  the  point  p^  0   Just  below  the  base  of  the 

antenna.  At  this  latter  point  a  current  I  flows  upward  on  the  antenna, 
according  to  (2).  The  total  groundplane  surface  current 

(6)  I*(/))  »  2n/)K*  . 

will  be  finite  at  the  origin,  and  has  the  value 

(7)  i;:^(o)  - 1,  ie^^/^  -  -i^ 

a  current  which  flows  into  the  origin  and  is  in  phase  with  and  equal  to  the 
antenna  current  flowing  away  from  the  be^e* 
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At  large  dlatance  the  Pojrntlng  flux  Ib  found  to  be 


(g) 


.00 


COS      C(TT/2)c09    (j 


•In^  0 


00 


where  r,   0  are  the  polar  coordinates.     A  polar  graph  of  the  0  dependence  of 
this  function  gives  the  radiation  pattern,  and  is  drawn  in  figure  7. 

To  calculate  the  totsd.  radiated  power   v^      for  the  infinite  ground- 
plcme  with  the  quarter-wave  dipole,  S      is  integrated  orer  the  great  hemisphere 
such  that     0  5  7  ,   and^      will  be  exactly  half  the  power  radiated  from  an 


isolated  half-ware  dipole.     Xraluation  of  this   integral  ie  found  in  the  texts 


(9) 


koo 


«     18.32  I^     watts. 


By  use  of  (l),  the  radiation  resistance  of  the  infinite  groundplane  system  is 

found  to  be 

(10)  (^     =     36. 6U     ohms, 

half  the  resistance  of  the  half-wave  dipole.     This  value  is  the  standard  of 
comparision  for  the  radiation  resistance  of  finite  groundplanes  with  various 
radii. 

2b,   The  Carter-wave  Dipole 

In  this  report  we  actually  look  for  the  total  field  of  the  radiating 
system,   consisting  of  the  qi^arter-wave  dipole  and  the  groundplane.     But   in  the 
course  of  the  solution  it  will  be  necessary  at  one  point  to  consider  the  field 
of  the  source  and  the  scattered  field  separately.     We  assign  the  superscripts  d 
and  g  to  them,  respectively.     The  dipole  field  has   the  following  values' 


(11a)  r 


(lib)     K 


ikr 


ikl. 


(lie)   n%..^(x  i- 


le 


ikr 


-g. 


It  is  of  interest  to  discuss  at  this  point  the  detailed  hehavior 
of  H^  on  the  x,y  plane 

^                I     .  ul^^Tvu? 
(1?)         hJ  c^o)  -  -   ^  ii— ^ . 

ThiSy^one  half  of  H^  (c  "   O).  Nov  in  a  system  of  groandplane  eoid  quarter- 

^  d        d 

wave  dipole,  the  groondplane  current  1^   due  to  H^  alone  would  'be 


^13)    ij  (p)  -  -  2n;,4  (r»0)  =  (1^/2)  ie^^  I^MV^ 

The  current   (I3)  flows  on  the  groundplane  regardless  of  tdiether  it  is  infinite 
or  finite.     But  ^en  it  is  infinite,    emd  only  then,   this  current  is  Just  half 
of  the  total  groondplane  current,    as  follows  from  (^).     However  at  the  point 
P"  0,   the  total  current  If^ip  )  should  be  equal  to  the  antenna  current,   regard- 
less of  grounc^lane  siee,   and  shoxild  have  the  value  -I     cuscording  to  (7)>     But 


0 


(lU)  I^  (/>»  0)  »  -  1^/2     . 

Consequently  at  this  point  1%  and  H^    are  known  and  oust  hare  the  values   (-1  /2) 
and  (I  /Imyo),   respectively,     fif^has  a  singularity  at  that  point,  ^ose  form  we 
now  know  exactly,   even  for  finite  groundplanes. 

3,  The  Wave  Iquation  and  the  Spheroidal  Eigenfunctiona. 

Maxwell's  equations  in  free  space  and  for  steady  state  fields, 

(15)  VXS=iCJ/X^H     .      ^''H  -  -i(U  ejB., 
reduce  to  the  vector  wave  aquation 

(16)  VXVXX-k2  7=0, 

where  V  is  either  field  vector. 

For  reasons  of  symmetry  "both  the  simple  resolution  of  these  vector^ 
which  is  found  in  the  previous   section  for  dipoles  alone,   and  the  ^-Independence 
of  all  components,  are  retained  in  the  more  complicated  system  cons^ing  of  the 
dipole  and  a  circular  groondplane.     Thus 

(17)  H»  jflH^   (/>.z)   . 
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aind  equation  (l6),  when  V  =  H,  has  only  one  scalar  conponent  equation,  nanely 

It  is  now  posBl'ble  to  fomalate  the  Bathematical  problem  of  the  present 
paper  precisely.   We  look  for  the  solution  H^  of  (18 )  such  that 

(19)  ^^  °^^  *4  ' 

%(here  ^  is  the  known  function  (lie),  subject  to  the  following  two  boundary 
conditions.  First,  the  condition  at  the  surface  of  the  perfectly  conducting 
disk  5=0,  idaere  ^  is  the  radial  oblate  spheroidal  coordinate  .  This  con- 
dition is  that  the  noraial  deriyatire  of  the  corariant  components  of  H  tangent 
to  ^  =  0  must  Tanish  .   In  this  problem  it  takes  the  simple  fozm 

(20)  B^'^'  f'°- 

Secondly,  H.    oust  satisfy  Sonnerfeld's  radiation  condition  as  r-»oo,   i.e., 

ikr 
it  mist  be  a  diverging  ware  of  radial  variation  e       /r  , 

The  oblate  spheroidal  geometry  enters  through  (20),   and  it  is  con- 
venient to  transform  (18)  to  this  system.     Now 

(21a)  /D    -  a  |f(l  -TJ^)   (1  *  ^^)   . 

(21b)  ^   =  </>  I 

(21c)  z     =  a77f  , 

where  0  S   ^     <oo,-lSf}Sl^0^<p^2n   and  a  is  the  radius  of  the  disk 

^  °  0.   The  ware  equation  (IS)  becomes 
(22)  i{h  J  - 

^^-'^^VaV  *^'^^  -  ^i^-  rip)  *  >^^a^(.^*r]H^(,.^-  0. 


a2-2 


(r*r) 

The  variables  "7,  |  eu-e  separable.  Let  Jr('y,i  )  be  solutions  of  (22), 
and  let 

(23)  f^^'t^--^^V^\^V- 


*   It  should  be  noted  that  this  is  not  the  scalar  wave  equation  ^7^+  k  )H^  =  0. 


^ 
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Ihen  u     and  't^.  satisfy  the  ordinary  differential  equations 

(2U.)   ^(1  .-nh  ^  -  [^  -  «,,♦  kVci  ->»=)]«„  -  0 . 


_  "utlont  \J/ a] 


respectirely,  where  ^<^i8  the  separation  constant.  Ilhe  solutione  \J^  are  a  eoa- 
plete  and  orthogonal  set  of  eigenfanctions,  with  the  noia  N-  »  J  Ug.(i7)dT», 

the  oblate  epheroidal  wave  ftinctions  of  the  first  order.  They  are  generated 

hy  the  discrete  eigenvalues  o^^(ka)  ,i=  1,?,I, ,  which  the  separation 

constsmt  is  restricted  to  assume  for  enrery  given  ka.  The  condition  which 
leads  to  eigenvalues  is  a  physical  one,  nanely  that  these  functions  oiust  be 
finite  in  physical  space,  including  in  particular  the  values  -  \  torn   • 
Inspection  of  (21a)  shows  that  these  values  refer  to  the  z   axis. 
Let  us  write  (2Ua)  in  the  form 

(25)      u"(^)  ♦  ed/)  u'(^)  +  tir))  u{yf)   =  0  . 

Whenever  eirf)   and/ or  f('>j)  have  singularities  for  a  given  9y  (as  ha^jpens  here 
when  ?7  =  -  1)  such  values  of  the  variables  axe   singular  points  of  the  equation, 
by  definition.  The  condition  (that  only  analytic  solutions  of  the  differential 
equation  are  admissible  in  physical  space)  produces  these  eigenvalues  when  it 
is  applied  at  the  singular  points  of  equation  (2Ua). 

The  index  X,  introduced  above,  enumerates  the  eigenvalues  and  functions, 
\diile  the  index  1  refers  to  the  fact  that  we  deal  with  the  functions  of  order  one. 

Once  the  ^^^ and  u^^^d^)  are  found  the  radial  solutions  ▼ji  (  f  )  are  com- 
pletely determined  by  (24b),  since  all  parameters  in  this  differential  equation 
now  are  known. 

We  shall  not  discuss  this  set  of  special  functions  in  detail  here.  The 

functions  of  any  order,  and  in  the  notation  used  here,  are  discussed  in  a  paper 

by  Leitner  and  Spence,  which  will  appear  in  the  Journal  of  the  Franklin  Institute 

Q  in 

in  April,  1950«  There  also  exist  recent  papers  by  Stratton  et  alf,  and  Meixner  . 

A  sumBtary  of  the  zero  order  functions,  which  are  similar  to  the  first  order 

functions,  is  given  in  a  recent  report  by  the  author. 
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h,  green's  ?anetion 

To  the  wave  equation  l["^]  =  0  'belongs  a  Sreen's  function  G(P,Q), 
which  is  lor  definition  sTBoaetric  in  the  argunente  of  the  points  P,Q,  and  a 
solution  of 

T  8C:t,-i,'  )S  (x,-:ci)  S  <tj,  -  A') 

(26)  L^  [oCP.ft)] '  h^(P)hJp)h^  (P) 

Here  (x  ,x  ,  ^)  and  {x*,  ^2*T^  *'®  *^®  coordinates  of  P  and  q,  respectively  in 

an  orthogonal  system,   which  is  here  taken  to  he  one  containing  the  azimuthel 
coordinate  m,  and  in  which  k,,hph^    are  the  metric  coefficients. 

The  solution^  of  the  homogeneous  equation  is  then  given  in  terms 

of  the  "boundary  values   of  ^  and       /^       Iff 

0 

(27)  Y'^P)  =  -  f  [f<q)  -^  G(P.q)  -      ^^y     G(P.<i)]   dflr^ 

These  basic  statements  on  solution  hy  Green's  function  are  widely  discussed 

in  the  literature,     Bquations   (26)  and  (27)  agree  with  the  formulation  in  a  text 

12 
"by  Morse  and  Teshhach     ,     If  the  region  hounded  by  (j-  is  infinite  as  in  our  proh- 

lem  the  integration  nevertheless  is   confizied  to  the  finite  parts  of  the  boundary 

provided  hoth^and  G  ohey  the  radiation  condition  as  r-*oo  . 

Consequently, 

<j-  =  dipole  +  groondplane. 

Let  ^he  the  total  magnetic  field  Hj     of  our  system.      If  in  addition 
we  require  that 

9  G 

(28)  -X—    =  0  on  the  groundplane, 

w 

then  the  integral  (27)  is  reduced  to  the  dipole  alone,  hecauee  of  the  "boundary 
condition  (20)  upon  H^  , 


V'-*  •  f  °  -./[V'V.  0^°">'  Vn^'  ^''  -  '"^'nV^''  °'n.l  .V.  r)]  d 


d 


To  complete  the  solution,  therefore,  we  must  determine  G  and  evaluate 
this  integral.  Green's  function  is  a  solution  of  the  homogeneous  equation 
LfV^J*  0  everywhere  except  when  the  points  P  aM  Q,  coincide.   The  prohlem  of  the 
homogeneous  equation  is  the  eigenvalue  pro"blem  which  we  discussed  in  the  previous 
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artlcle.  As  outlined  there  it  was  solved  in  such  a  manner  that  the  eigeayalues 
arose  through  a  condition  inposed  upon  the  7^  -  dlaenslon.  It  leads  to  the 
mutually  orthogonal  eigenfunctions  u^j  iV),^"   1,2,....,  whose  noms  are  K,   , 
Now  Green's  function  is  a  sysunetric  function  of  its  arguments,  so  a  representa- 
tion in  the  normalised  spheroidal  ware  functions  has  the  form 

(30)   a(^.f;^'^')  =  L,Zve.e) -^S^^^^ —  . 

While  a   is  to  he  normalised  in  the  space  77, £  ,d> *  it  is  associated  to  the 

fk  -independent  differential  operator  and  L.  Consequently  it  was  taken  to  he 

a  function  of  fj  and  £  only,  but  normalized  in  them  -dimension  "by  the  factor  l/2n. 

We  calculate  f.  through  (26}.   In  the  spheroidal  coordinates 
(31)  h,  h^  h^   =  a^(7;2+  f2j  •  ^ 

so  the  inhomogeneous  term  of  (26)  he comes 

The  differential  expression  L  in  spheroidal  coordinates  is  given  in  (22). 

Thus 

(32) 

We  substitute  (30),  rememhering  the  differential  equation  (2Ua)  for  u-,  , 

Multiply  by  one  of  the  set  of  orthogonal  functions  (u,.  ),   and  integrate  with 

respect   to  7i  and  Q)  over  the  ranges  of  these  variables   in  space 

(34) 


-1> 

This  Is  the  eqaatlon  for  Green's  function  in  the  £  dimension. 
Solutions  of  its  honogenaoas  counterpart  (2Uh)  were  in  the  previous  sec- 
tion descrihed  as  the  radial  spheroidal  wave  functions  v^,  (  £  ),     Thus  f« 
is  huilt  up  of  these.     Now  it  is  known  from  the  general  theory  that  fp  is 
"both  symmetric  and  continuous  -^  (i.e.   across  £  =  £    ),   and  therefore  it  is 
a  product  of  solutions  v     , 

The  boundary  conditions  which  serve  to  determine  f-  have  "been 
cited  previously.     As  ^  or^-»oo  it  must  behave  as  a  diverging  wave 
(Sommerf eld's  radiation  condition).     This  is  net  by  the  radial  wave  func- 
tions of  the  third  kind,    described  in  reference  11, 

(35)  ^  ^    ^\    .    '^\.    ^  i^% 

where         v..    and         y^,     are  a  known  fundamental  set  of  independent  solutions 
of  (2Ub),   also  described  there. 

At  the  groundplane   (28)  must  hold.     We  define  another  lineair  com- 
bination of  the  fundamental  set,   say,  ^v.^ 

(36)  ,v,,   =a^    ^^\,    *b,  (2)^^^ 

where  a.  and  K  &re   constants  such  that  (28)  is  satisfied. 

(37)  0  =  a^  ^^Vl^°^  *\  ^^\i   (°^- 

This  determines  the  constants  only  to  within  a  factor,  e.g.,  we  must  look 
for  a  second  linear  equB.tion  involving  them. 

Before  doing  so,  note  that  fjj  (  ^,^')  Ib  now  known  (in  terms  of 
a.  and  b.  ,  that  is,  which  are  still  unknown) 

for  the  erpresBlon  in  braces   is  both  symmetric  in  ^  ,^'and  continaous  at 

To  complete  the  calculation,  we  need  only  to  use  the  condition  of 
discontinuity  at  ^  upon  the  derivative  3  f «  /  ^%    »   which  follows  from  (3H), 
Let  a  discontinuity  at  ^  be  denoted  by  F  1*,  .   If  (3*+)  Is  integrated  with 
respect  to  5  over  an  interval  €  including  the  point  ^',  and  one  finally  lets 
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as  on  the 
are  continuous. 


because  the  teras  on  the  left  hand  side  of  (3^)  not  involving  derivatives  of  f- 


lU 
As  is  shown  in  a  separate  paper,  mentioned  previously  ,  the  Wronskian 


Wgj(O) 


where  Wjjjj^CO)  is  a  known  constant  (with  respect  to  £').   The  lefthand  side  of 
(39)  becomes,  by  combining  (38)  with  (35)  and  (36), 

A  prime  on  v  denotes  the  derivative.  Thus  (39)  can  be  rewritten: 
£1 

The  slBultaneous  solution  of  (37)  and  (1+2)  is 

Now  f>  is  coBtpietely  determined.  Making  use  of  the  footnote  below,  and 
defining  the  function 

(44) 

we  have  finally 
(U5) 

-1:.,, (2.,/ka)^ ^3).;^ ,0) ^^^^ ^^ '^ |^v,,(e )os,(eo.  e'^e- 


*Wil(0)  =  (-)    (2q^j^/ka)  /ka,  where  qoi  Is  a  known  constant  which  arises  from 
the  normalization  chosen  for  the  radial  fi.inct ions;   it  depends  on  £  and  on  ka. 
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5.  Derivation  of  the  Total  Jield 


We  next  calcvilate  the  total  magnetic  field  Hj,  by  evaluating  the  integral 
(29),  which  is  taken  along  the  dlpole.  This  is  a  portion  of  the  z'axis.O  5  z'S  ^  , 
and 71  =  1  there.  The  integration  variable  therefore  is^'^  z' /&,   as  follows  from 
(21c);  since  kA  =  2n, 

"  -  ^  -  2ka 
The  integration  is  complicated  "by  apparent  singolarities  in  the  integrand 
as  7l'-*l.  For  example, 

(1^ )      Cl  <'") 

this  is  found  ^en  the  expression  (lie)  for  H^  is   transformed  to  spheroidal  coordin- 

ates  by  use   of  equations    (21),   and  \dien  one  let 877^1. 

tfe  shall  show,  however,   that  the  integrand  is  finite  term  by  term  in 

the  representation  by  eigenfxmctions  a8£=  1,2 It  is  best  to   do  so  by  evalua- 
ting the  integrand  which  is  defined  over  a  sepient   of  the  ^'axis,   as  a  limit, as 
71'— »l^of  another  integrand:      one  which   is  defined  on  a  surface  7)  ?^  1  but  close  to  1. 
This  is  a  section  of  a  hyperboloid     between  ^  -  0  and  £"'*  TT/2ka.     The  surface  element 
on  the  hyperboloid 

ih-J  d  CT  ^  =  h|/  h^/df 'd^'. 

In  the  operator  9/9  n'  ,    the  direction  of  the  normal   is   to  be  taken  as  positive 
into  the  hyperboloid*?  i.e.,   along  increasingTl', 

•If  the  same  procedure  were  applied  to   the  calculating 9H^97y',   one  would  obtain 
f^,c   \  ™_^ 0     cos(kac  )  ^  _/  ^. 

where  the   dots   (-  -  -)  denote  terms  whose  singularity  in  (l-  77  ;  is   of  a  degree 

less  than  3/2;      they  can  be  neglected  for  reasons  vdiich  will  be  clear  later. 

'  

••Because  it  is  understood  to  point  oat  of  the  space  in  which  the  field  is  sought. 
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How 

11 
for,  from  a  knowledge  of  our  coordinate  system     ,   one  finds  that 

The  integral  now  has   the  form 

We  next  must  show  that  no  part  of  the  "bracketed  expression  has  a 
singularity  In  (l-7l«).     The  71 -behavior  of  G  is  from  (U5)  clearly  the  "behavior 
of  u  iTJ  ),   term  "by  term.     But 

i/?r  T     12 

(52)     Uj-(l-17'^     1    1  -^  0^2(1-7;'*)  +  c^(l-77'^)^  *  ...J  , 

2.1     W 
where  c-,  c^,  ...  are  knowncoefficients.  And 

(BquivsLLent  results  ariee  when  the  fxinctions  u^^  ^^^  ''^d  inTl*) 
Thus   (52)  represents   the  dependence  of  G  uponT^   and  (53)  does  the  same  forS  d/BfJi, 
As  regards  H^ ,  we  remem"ber  that 

Let  us  first  consider  Hi ,   which  is   the  field  due  to   the  groundplane,   i.e.    the 
field  set  up  in  the  groundplane  by  the  dipole.     Because  of  the  linearity  of  the 
wave  equation,   H^    must   itself  be  a  solution  of 

(51+)  ^[j]^  0  . 

It  follows  from  section  3  that  H^ls  a  series  of  terms  like  "o-jn^iTJ  )  Tai^^  ^• 

Therefore  its  behavior  in  17',   and  that   of  its  77'-derivatlve  is   also  given  by 


.h'' 
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(52)  and  (53),     Consequently 


(55) 


9rf 


jS 


Sri'  ' 

and  we  are  left  with 


aB7yi*l, 


(56)       H 


^ 


Because  of  (H6)  and  (M6a),   the  latter  glren  in  a  footnote  to  page    I5, 
the  term  "by  term  dependence  uponl'^of  the  expressions   in  the  integrand  of  (56) 


are  of  the  form 

^^x 


(57)  Vwhen-jy's  1; 

^  /-     -»/2n  _         0     cosdtaC  ) 

all  other  terms  contain  (1-1^^  to  a  positive  exponent  and  vanish  for  11  =  1, 

As  a  consequence  we  ohtain  the  following  solution,   after  suhstituting 
(U5)  into   (56):  vdien  f  ^f ,' 


(58) 


V 


1  T  00 


i«i 


:-)'^  J""  ^T^,(f')cos(kaf')df/(l.f')^^ 


hl^^^uM^  ^^Vl^°^ 


^a^^^^^S/^' 


and  when  t  '^  ^,  i«e.   on  the  groundplane,   the  only  value  of  ^  such  that^^^", 
0  i  f  <    ■n/2ka   , 


cecause 


kl        °° 
C-1 


K.)\. 


^,ico)y'^'[^3),^^^,,3(j^,f //^,  ^j^/^] 


N,,(2q4^ka?^^^^J(0) 


•uJTy)  . 


^f 


We  thus  have  ohmned  the  solution  of  our  prohlea.  However,  It  can 
"be  put  into  simpler  form.   It  can  he  shown,  first  of  all,  that 
(60)      (-)*-^  2'E1^0)/(2q^/ka)2  =  1/ka  * 


♦Proof  of  this  relationship  is  omitted;   it  is  based  on  a  knowledge  of  the  radial 
functions,  which  are  discussed  in  reference  ll4-. 
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TurtherBorc,  it  Is  of  physical  interest  here  to  compute  the  total  field  in  tvo 
different  regions:   on  the  groundplane,  in  order  to  calculate  the  surface  cur- 
rents; and  at  large  distances,  i.e.,  when^-*oo,  in  order  to  find  the  radiation 
properties.  As  a  consequence,  (^8)  can  "be   simplified,  for 


(61) 


Finally,   the  integrals  of  type 


JTT/2ka  f  .     L,  l/^ 

Ui.(fO  cos(kaf!)df'/(l*f^*)     J 

can  be  evaluated  explicitly.  We  shall  denote  them  "by   ,1^  or    L  depending 

on  whether  j^^^  or    '^tt   ar«  Involved,  respectively.  We  introduce  the  functions 

1/2 
(63)  Wn^r)Mi*r')   ▼£i(C'). 

The  differential  equation  (2Uh)  transformed  to  the  w  .  is  simply 


(6U)         w/^  *  kV.^e^   =  or^^w^i  /(i*0. 

In  conjunction  tdth  (6U^)  consider/ harmonic  equation 

(65  y^    ♦  kVy     =     0. 

It  follows  that 

(66)  ywj;  -  /w,i  =  ««iyv,i  /(i*  f  ^^). 


(67) 


y^{    -  y\i 


>   =«*ij[y-...<iev(i*f"")]' 


The  function  cos(ka£')   is  a  solution  ef  (65).     Consequently 

{Vjj^cos(kaf^)df'                  |w/j^   cos(kaf')  -^  kaw^j^8in(ka  f  )L 
—172  " ^ '-^^  » 

(l*f^)  ^JJl 

and  we  get  the  results 

(69)  2^^   =  ka2W^^(TT/2ka)/<X^j^  , 

(70)  ^^hJ^K/,  (0)  -  .  [1  -  ka^3),^^  ^^/^j  /  (3),;^  (0)]  /cr,,  , 


•  See  footnote  page  I7, 
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where  we  made  use  of  the  Identity  ^  Vg^CO)  =  "^  w/j^(0)  in  (70). 
Ve  may  now  write  the  results  in  final  form: 


where 
(73) 


A 


C-)*'^2^1^^/2ka) 


B 


1  -  ka^5)        („/2ka)/^3)    '     (0) 


^--ei  ^U 


6.   The  Current  DistritiutioTi  on  the  Groondplane 

If  n^  is   the  unit  vector  normal  to  the  spheroid  of  constant  ^  , 
then  the  surface  current  density  is 

(3)  L  =    a^>fH  .    f »  0  , 

as  already  noted.   The  coordinate  system  is  righthanded  in  the  order  71,^  ,©,80 
if  n^  ,n       are  the  remaining  unit  vectors. 


(75) 


K  "  n*  x"  n.  • 


H. 


4> 


K  points  in  the  direction  of  Increasing  77  ,  which  is  radial  on  the  circle 
£  =  0;7y=  -  1  at  the  center  point  of  the  bottom  side  of  the  ground^lane, 
77-*0  radially  outward  to  the  edge  and  Increases  radially  inward  on  the 
antenna  side  to  7^ "  1  which  Is  the  center  Just  under  the  antenna. 

C76)  V,,).  ^  ^B,«.^(17). 

This  result  can  be  obtained  directly  by  a  method  involving  the 
reciprocity  theorem:  given  the  surface  currents  on  one  closed  surface,  such 
as  on  the  dlpole,  it  is  possible  to  use  this  theorem  in  integral  form  to  find 


-20- 


the  current  on  a  conductor  In  Its  field,   say,  the  groondplane.     The  method 

15 
wa8  recently  applied  hy  Papas  and  King  ^  to  a  dipole  radiating  ahove  a  sphere 

(whose  radius  is  comparable  to   the  wavelength),   smd  the  currents  on  the  sphere 

are  thus  calculated.     This  edtemate  way  to  study  the  groundplane  is  given  in 

the  appendix  to  our  report. 

While  (76)  is  the  desired  result,   it  is  proper  only  if  the  series 

converges.     This  is  not   the  case,     and  an  analysis  of  (7^^)  hased  on  the  eigen- 

fanctions  shows  that  the  coefficients  diverge  slowly  in  the  real  part* 

on  the  other  hand     Im(2.  )  is  rapidly  convergent. 

In  other  words,   the  divergence  occurs   in  the  part  of  E^  in  phase 
with  the  antenna  current,   which  is  entirely  real.     The  divergence  is  due  to 
a  singularity  in  the  real  part  of  K^  which  does  not  explicitly  appear  in  its 
eigenfunction  representsition  (76),      Since  the  ^oi^iT)  )  are  entire  functions  of 
fj       ,    (76)  displays  no  singularity,    tena  tsy  term.     However,    if  through  other 
information  a  set  of  singularities  is  known,    if  these  are  isolated  from  the 
expansions  hy  well-lcnown  methods,   and  if  the  remaining  series  can  be  shown  to 
converge:     then  this  known  set   is  the  c<»tplete  set  of  singularities,  and  the 
result   is  a  valid  solution  of  the  problem. 

Thus  we  are  brought  back  to  the  observations  in  section  21}.       For 
present  purposes  we  split  K^  into 

fid 
the  parts  due  to  H^  and  Hx  respectively  on  the  groundplane.     But 


(77) 


^^2)  H^^--     ^    J 


Iq       j^^ikaVl  +(TT/2ka)^  -'if 


(1-17") 

making  use   of  (21a}.      I.e.,   it   is   singular  atlT^N  1,   where  we  must   distinguish 
two  points,  the  centers   of  the  bottom  and  top  sides  of  the  groundplane.     But 
H^  exists  independently  of  the  conducting  groundplane  and  is  therefore  the 

_9 

•  The  functions  ^^A'H)  ^^^  real. 
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sane  on  both  sides.  This  is  clear  also  because  (77)  is  an  even  function  of  77  . 


Let|7^|-*1  in  (77);  then   K   is  entirely  real,  e.g. 

(78)  x^  C  D- ^-TTT-  • 

ima(i-J|r) 

As  regards  the  current  ^(^).  one  can  show  that  it  must  be  odd  in  ^  , 
that  is,  across  the  groundplane,  by  arguments  based  on  the  faxst  that  the 
scatterer  is  plane.  The  proof  was  given  in  a  previous  report   ,  for  a  differ- 
ent function,  but  satisfying  the  same  botandary  condition  as  our  H^  . 

tf'3  now  combine  the  result  that  K°  must  be  odd  in77wlth  the  result  al- 
ready obtained  at  the  end  of  section  2b;  namely,  that  at  the  top  center  point 
71=  1  on  the  groundplane  H  /  =  H^ ,   Thus  we  take  the  following  singularity,  odd 
In  77  , 

(79)  ^^7^-*  °^  1/2   '    hH- 

Imad-T^^) 

And  as  a  result,   the  total  current  on  the  groundplane  atlj  =1 

(go)  S  =  ^/>S    °  2na(l-77')        (k;  -  K«)     =     I^  , 

bat  as77-«-l,   that  is,  at  the  center  point  of  the  bottom  side, 
(81)  I^— 0  , 

which  is  physically  necessary  for  at   this  point  there  imst  be  no  source  of  cur- 
rent, as  distingoished  from  the  point  at  the  center  of  the  antenna  side. 

In  order, to  isolate  singalarities  (78), (79)  from  the   expansion  (76) 
2  1/2  2  1/2 

for  K_,  1/(1-W   )         and  7^/(1- 7y  )         will  be  expanded  in  terms  of  the  even  and 

odd  subsets   of  the  functions  ^#4(^)1  respectively.     These  functions  are  even  or 

odd  in 77  when  (£  -1)   is  an  even  or  odd  ■■■■  integer,   respectively. 

o  1/2  -22,/ 

(81a)  1/(1-77^)  =     fS   ^*    ^^l^'^^' 

P  1/2  00  . 

(81b)  ^/U'T)  =    2Z   C;e    ^^i(^)   . 

a  primed  summation  sign  denoting  summation  over  alternate  integers  J^.     And  the  set 
of  coefficients  C-    ,  which  is  necessarily  divergent,    is  given  by 

1      r^  2  ^/2 

(82a)  Cg     -     ^l        u^,(T)dr/(l-T'==)  ,  fi  -1     even, 

"  "jei*'  -1 

1     fl  P  1/2 

(82b)  C^      =     ^J        u^^(T)  diydX'^)  ,;2.i     odd. 
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Accordingly 
(83)     K^(77  )  = 

^0 

Jffia 

1              .         7} 

2  V2                   '       1/2 

■u 


00 


Computation  ahows  that  the  set  of  coefficientB  (UB.  -  G,  )  converges.  Con- 
sequently no  other  singularities  than  the  ones  we  have  postulated  exist  in 
the  current  (or  Hx  )  on  the  groiundplane:  around  the  edge,  where  it  might 
have  been  supposed  that  a  singularity  or  at  least  discontinuity  exists,  the 
current  is  in  fact  continuous  as  one  passes  from  the  underside  to  the  antenna 
side. 

Finally,  we  have  noted  that  the  even  part  of  the  expression  for  K 
is  completely  known  from  the  dipole  theory.  Thus  the  calculation  is  simpli- 
fied if  the  dipole  values  are  substituted.  Let  us  sdso  multiply  by 

2  1/2 
2n/)a  2na(l-'7y  )    and  thus  calculate  the  (non-singular)  total  radial  current, 

e.g.. 


(gU)  i,(i;)=(y2) 


:,e-ii^^*wu)%.^'(.B,-c,)^,(^]; 


The  quantity  l^{7J)/l^   is  plotted  against  a(l-iy^)r/>  in  figures  2  to 


5  for  four  different  values  of  ka,   3,^,5  andfrl+a  ,  The  variable  in  this  para- 
meter is  in  effect  a,  the  radius  of  the  groundplane.   Since  I  is  continuous 

7 
about  the  edge,  its  value  on  the  bottom  side  is  plotted  by  merely  continuing 

the  abscissa  values  to  twice  the  radius  of  the  grotmdplane. 

It  is  clear  from  previous  discussion  that  Re(l/l  )  is  always  unity 
at  top  center,  whereas  Im(l/l  )  oust  vanish  there  since  the  antenna  ctirrent  is 
entirely  real.  At  bottom  center  the  current  always  vanishes. 

Vfhen  a-^00,  we  already  noted  in  section  2a  that  the  absolute  value  of 

the  topside  current  is  I  ,  while  the  bottomside  current  vanishes.  From  a  study 

of  the  curves  for  /l/lJ  ia  the  figures  we  can  draw  the  following  conclusions: 

(i)  as  ka  Increases  the  average  current  on  the  bottomside  decreases;   (ii)  the 

current  on  the  topside  oscillates  about  the  value  I  .  The  results  are  thus 

o 

consistent  with  the  limiting  case  a— eoo.     At  the  edge77=0,  however,   the  absolute 
value  of  I  is  always  1^/2.     This  also  follows  directly  from  iSh),   for  the  ex- 
pression in  the  bracket  becomes  siiaply  unity,   since  Uo^(o)  =  0  for  odd  (fi-l), 

•Hote  that  computation  with  spheroidal  functions   is   limited  to  {Z  -1)  odd.     This 
is  a  considerable  reduction  in  labor. 
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Point  (11)  just  mentioned  Is  Illustrated  ty   figure  6,  In  which 
Jl/I  L  on  the  antenna  side,  is  plotted  to  scale  against  distance  from  the 
center,  for  the  different  values  of  ka  corresponding  to  different  ralues  of 
the  groundplane  radius. 

7,  Badiation  Properties  of  the  System    • 

We  next  Investigate  the  field  at  large  distances  from  the  radiating 
system,  starting  with  expression  (71 )  for  H  j,  at  such  points.   In  particular 
we  calculate  the  flux  of  power  as  a  function  of  direction  and  its  integral 
over  all  directions.   In  this  way  we  will  find  the  radiation  pattern  and 
resistance  corresponding  to  various  values  of  groundplane  radius  and  will 
compare  the  results  with  the  half-wave  dipole  field. 

The  radiation  field  of  a  finite  current  distrihution  is  transverse 
to  the  radial  direction.  While  ohvious  here  for  the  magnetic  vector,  this 
f«u5t  must  still  "be  proved  for  E.   It  is  easily  demonstrated  when  E  is  expanded 
in  polar  coordinates  from  the  form  given  ly  the  second  of  Maxwell's  equations 
(15).  Let  n^,  n^,  ^A  "be  the  polar  unit  vectors,  then,  since  H^=  ^4>^<b  » 

a  (sin  OH^)      3(rH^ 


r9r 


.         .  r   suin  QH^; 

(85)  E  «  —  VX&=  — l^n^  r  sin  0^1  "  ^ 

Sememhering  from  (7I)  that  the  dependence  of  Hj  on  r  is  as  1/r  when  r— *oo, 
only  one  term  in  (85)  will  have  this  dependence  on  r,  while  the  others  de- 
crease more  rgqjidly  with  r  and  are  negligible.      This  term  is 

(86)  ~    (U€o      ^   ~8F""  (J^    £fr    ^f  • 

The  right  hand  side  follows  from  (71).     How  k/W  «  i/c  =  ^C    fJL      ,   so 

(87)  E=  B    =    "^° 


Consequently  the  Poynting  flux  is,  (Ha  denotes  complex  conjugate) 


(88) 


A^ 


u,,(i7) 
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Ihi«  function  of  aa^alar  orientation  rj   *lfl  the  radiation  pattern  of  energy  flux 
for  the  groundplan©  system,  which  is  to  "be   compared  to  the  pattern  above  an  in- 
finite groondplane  given  >y(8)and  draira  in  figure  ^.     The  integral  of  S*  over 
all  directions  is  the  total  radiated  power, 


(89)  (r     '   j  S*  Snr^if)    , 

and  finally  the  radiation  resistance 

(90)  (K    ■  U/ll)(P'    ^  (^   (k.)*  g'^  k.l'  • 

7a.  Radiation  HesiBtance 

The  restilts  of  our  conputation  for  various  values  of  ka  are  listed 
helow 


3 

39.32  ohms 
1*2.10 

5 

31.87 

if5r 

00 

39.88 
36.61* 

Thus  6a  is  not  much  different  from  6a ^^j.   in  other  words,  the  total 
radiation  from  the  finite  groundplane  system  is  nearly  the  same  as  half  the 
radiation  from  the  isolated  half-wavelength  antenna.   Furthermore,  the  table 
shows  that  the  radiation  resistance  oscillates  about  vt^^   as  ka  increases. 
Therefore,  when  the  radius  takes  on  a  certain  discrete  set  of  values  in  ratio 
to  X,  the  finite  groundplane  isolates  the  antenna  effectively  as  regards  radia- 
tion resistance. 

The  results  agree  very  well  with  the  experiments  of  Meier  and  Suimers  . 
This  is  illustrated  by  figure  7.  ^1^®  solid  curve  represents  the  experimental 
data,  the  radiation  resistemce  of  groondplanes  over  which  a(0.22U)X  -  dipole  was 
radiating.  The  auitenna  used  was  a  wire  whose  thickness  was  (0.02^g)X.  Clearly, 
the  radiation  resistance  oscillates  about  ^^qq  with  decreasing  amplitude  as  ka 
increases.  The  broken  line  is  a  reasonable  extrapolation 

of  this  curve  in  the  direction  of  small  ka  and  the  theoretical  values  listed 
above  are  entered  as  crosses. 
•  cos  0  =(r/z)"'=  (Vp^*   *^/*j'*'  It  follows  from  (21)  that  when  f—* 00, cos  0  =17  . 
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Th©  finite  groundplane  does  not  have  a  very  large  effect  on  the 
radiation  resistance  of  the  isolated  antenna.   The  data  of  figure  7  indicate 
a  method  Ijy  which  the  "isolated"  value  might  test  be  measured  for  a  particular 
antenna  with  the  use  of  groundplanes .  Rather  than  taking  the  resistajice  of 
the  system:  half  the  euitenna  above  a  given  groundpleme ,  one  might  use  a  whole 
group  of  groundplemes,  plot  the  resistance  versus  radius  and  estimate  the 
asymptote  of  the  oscillatiog  curve. 

yt.  The  Radiation  Pattern 

The  effect  of  a  finite  grounc^lane  upon  the  directional  distribution 

is  much  more  pronounced  than  upon  the  total  of  radiation  energy.  This  can  be 

seen  when  figure  g  is  compared  with  figures  9-12.   In  figure  8  is  shown  half  the 

radiation  pattern  of  the  Isolated  halfwave-dipole,  i.e.  the  pattern  of  the  quar- 

terwave-dipole  above  the  infinite  groundplane.   The  mailnum  energy  is  radiated 

into  the  direction  perpendicular  to  the  antenna.   This  is  not  the  case  when  the 

groundplane  radius  is  finite.   In  fact  the  direction  of  maximum  radiation  appears 

to  be  oscillating  about  0  ^k^° ,   although  we  have  insufficient  results  to  decide 

on  a  trend  here  as  a  f\mction  of  ka.  Furthermore,  the  amount  of  meocimua  radiation 

is  greatest  when  ka  =  U^,  when  our  results  also  show  the  greatest  value  of  radia- 

m 
tion  resisteuice. 

The  radiation  in  the  direction  below  the  groundplane  is  small.   The 
aiBount  obviously  decreases  when  compared  to  the  radiation  on  the  antenna-side,  as 
ka  increases,  and  also  becomes  directionally  more  pronounced  in  the  form  of  separ- 
ate lobes. 

It  is  possible  that  on  basis  of  these  results  an  a^jplication  for  a 
groundplane  might  be  found  due  to  its  pecular  directionality:   for  instance, 
when  the  antenna  is  mounted  vertically  above  the  earth,  the  system  would  not 
radiate  a  groundwave,  but  an  oblique  skywave  in  all  directions  of  the  azimuth. 
Whenever  it  is  desirable  to  radiate  the  antenna's  energy  into  a  half-space  only, 
a  groundplane  could  be  (BsployeilL.   (Radiation  from  balloonf,  or  planes,  j«tc.} 

*  Let  us  return  briefly  to  figure  6,  where  we  plot  the  cxirrent  distributions  on 
the  groundplanes  whose  radiation  fields  we  are  discussing  at  present.   The 
average  values  of  t/iese  currents  in  the  four  different  cases  vaxy  with  ka; 
this  is  clear  from  inspection.   Now  these  averages  vary,  as  ka  Increases, 
approximately  like  the  amount  of  radiation. 
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Fig,  J  _  Radiation  resistance  versus  ka.   Solid  curve;  experimental  data 
of  Meier  an.d  Sununere  for  a  wire  antenna  of  thickness  (0.0258 )X 
and  length  (0.?2U)A.  Broken  curve;  extrapolation  of  date. 
Crosses:  theoretical  results  for  a  quarterwave  dipole. 
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Fig.  8  -  Radiation  pattern  (polar  graph  in  any  plane  of  constant  <p  ) 
of  qusurterwave  dipole  over  infinite  groiindplane. 
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Appendix 

Application  of  the  Reciprocity  ITheorem 
to  Calealate  the  Cvirrenta  on  the  OrooiK^lane 

¥e  Bake  use  here  of  a  method  first  demonstrated  by  Papas  cmd  King^. 
Consider  two  separate  electromagnetic  fields  at  a  point  in  empty  space,  the 
fields  of  two  separate  isolated  surface  current  distributions,  defined  on  cer- 
tain boundary  surfaces,  which  need  not  be  the  same  in  the  two  cases.  These 
fields  nevertheless  satisfy  the  Tery  general  reciprocity  theorem 

(91)  V*XH'   -  V*  1'  X  H  «  0. 

When  this  equation  is  integrated  over  a  volume  in  empty  space,  we  find  by  Gauss* 
theorem  that 

(92)  /(I  >^H'   -  £'x  £)     •     djjs     0 

where  (Tie  the  surface  bounding  the  volume  and  d(r  is  normal  to  C  out  of  the 
volume . 

Let  the  ungpriaed  field  be  the  total  field  (l^  ,B  ,  Hj,  ),  independent  of 
the  azimuth,  of  the  system:   dipole  +  groundplane.  Let  ^  be  the  surface  of  the 
dipole  and  the  groundplane,  and  the  great  sphere. 

The  primed  field  is  as  yet  unrestricted.  We  shall  progressively  narrow 
down  the  choice  by  conditions.  Thus  the  unprimed  field  is  due  to  sources  in  the 
finite  portions  of  space  and  mast  satisfy  the  radiation  condition.  We  now  require 
this  of  the  second  field  also.  Both  fields  aure  at  infinity  transverse,  and  the 
electric  and  magnetic  vectors  of  each  field  separately  are  mutually  related  in  a 
very  sio^le  way:   the  magnetic  vector  at  infinity  is  r%^  times  the  electric 

vector  in  magnitude,  and  orthogonal  to  it  in  direction.  Consequently  it  is 
easily  seen  that  the  integrand  of  (92)  vanishes  point  for  point  on  the  great 
sphere. 

Of  the  unprimed  field  we  require  that  it  satisfy  the  boundary  condi- 
tions for  a  perfect  condactor  on  the  groundplane,  i.e., 

(93)  n^  X  I^=  0  , 

which  can  be  shown  to  signify  also  that 

(9U)  i2L'^H=;£. 

where  t.   is  the  surface  current  density  on  the  groundplane  and  n  the  outward 

unit  normal  to  the  groundplane. 
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Vrlting  (92)  a«  the  aum  of  two  separate  integrals,    one  on  the  dlpole 
and  one  on  the  groandplane ,   It  now  siaipllfles  to 

(95)  r  (SXH'   -  I'  X  H)   •    do-     «     +    /     I«    •  If  d<r  » 

for  do*  ■  -ndo* .  where  n  1b  the  normal  oat   of  the  groundplane, 
^^         •"'  "*»  " 

Let  the  primed  field  now  he  one  with  exactly  the  same  rector  nature 

as  the  other,   consisting  only  of  B<      ,  £',  EL  ,   also  independent  of  a)    ,  Ijut 

not  the  field  of  a  dipole  on  the  z  axis,   i.e.   non-sing^ilar  on  the  axis.     We 

already  know  such  solutions   of  Maxwell's  equations,   namely  equation   (23) 

(96)  h-^Ct;  ^  )  -  Ug^C;^)  ^'^\^  (  f  )  ,  i?  =  1,2 

The  function    ▼jm  obeys  the  required  radiation  condition.  Because  of  the 
nature  of  u^^  ,  HL  ▼anishas  on  the  z  axis  Tl"  t  1,      (See  (52)).  As  a  con- 
sequence, the  first  term  of  the  integral  on  the  left  hand  side  of  (93)  ranishes. 
The  remaining  paurt  of  this  integral  is  simply  this: 

(97)  -/i.'^!.*  iST  '  -  f^t^p  ^  * 

(here  dCT  «  -n^  d<r  where  n.  is   the  \init  vector  along  +p  ). 

It   is  hest  to  evaluate  this  integral  as  a  limit  of  another  integral  where  the 
antenna  is  of  finite  thickness,    and  it  is  furthermore  convenient  to  do  so  in 
spheroidal  coordinates.   Just  as  was  done  in  the  report   .     Then  the  integral  is 
taken  over  a  portion  of  a  hyperholoid  of  constantly  close  to  unity. 

(98)        -J^  {n"?-e^[r/^''?-e^N*4«Vi'^  ■ 

But  hy  the  law  of  currents 
r2n 

(99) 


which  will  go  to  I^  co8(ka^  ),  whenT^-^. 

How,  "by  the  second  of  Maxwell's  equations  (I5),   expanded  in  spheroidal 
coordinates 

(100)       ^■-  -oh:  s^w  ■"*  \ <'>>'"''« '^'-  "'^'^ 
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for  we  hare  chosen  one  of  the  infinite  eet  of  prised  fields  (96). 
Eef erring  to  (50) 

^^V  (f) 

•  ince  9(1-7)^)         o«.('»?)/9''7-*-2,  whenH^-*!  (aee  (52)  and  (53)). 
The  integral  (98)  finally  is  determined  f(h>  )   -♦  aj  : 

U03)      -  2  ^  J         ''  1/2  ^^^  C'^^O  ^f  • 

The  right  hand  side  of  (95)  oast  now  "be  evaluated.  Clearly 
I  »  n   K  (T)).  lima  the  integral  is 

I   J    *'  K^  h^  h^  ±'n^<P   on  the  surface  ^  ■  0,  ' 

0-1 


(lOlt) 


(105)     (k)      -T-l-  -JL—  J-  h^  u  ^3V") 

(106)  Css^4)|.,-  art  '''<^''  '^-^^^  • 

The  integral  hecoaes 

(107)    j^    2na  ^3),^/  ^0)  J_^  V^^^  S^*^^  "^'^  • 

]Squating  (IO3)  to   (IO7) 

This  is  a  set   of  integral  equations  for  K^(7^),  for  we  aiust  rememher  that  2  in 
the  equation  may  aasuue  any  of  the  values  1,2,3 The  equations  are  simply 
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solved  "by  expanding  the  xmknown  radial  current  density  in  the  spheroidal 
eigenfunctiona  u   (77),  which  fom  a  complete  orthogonal  set.  Let 


nl  4-*  \<   ^^'1  ^'^  ^' 


Suhetitute  in  (108).  It  follows  that 

^TT/Ska 


(110)     B   » r^pi \         iV>h       «°»  (kaf  )  df  . 

The  B^  are  identical  to  those  in  (76),  o'btained  Ijy  Green's  function.  For  we 
need  only  substitute  equation  (70)  in  (110)  to  get  the  ralue  (Jk)  there  found 
for  these  coefficients. 
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